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ABSTRACT 
Let P be a parabolic subgroup of a connected simple algebraic group G over an algebraically 
closed field of characteristic zero. It is shown that if P has semisimple rank r and m is the maximal 
number of parameters on which a family of orbits of the adjoint action of P on its unipotent radical 
may depend, then rk G 5 2mr + 7r + 4m + 12. 
1. Let X be an algebraic variety endowed with an action of an algebraic group 
H. The natural measure of complexity of the action is the maximal number of 
parameters on which a family of H-orbits in X may depend. This invariant 
mod(H : A’) was introduced in [Vi] (cf. [PV]) and essentially goes back to the 
investigations of V. Arnold in theory of singularities [Ar]. It is called the nzo- 
clrrlit~s of the action. Formally, by definition, 
(1.1) mod (H : X) := m;x mEi= codimz Hi ‘2. 
where Z runs through all irreducible H “-invariant subvarieties of X. It follows 
from (1.1) that mod( H : X) = 0 if and only if the number of H-orbits in X is 
finite. 
2. Let G be a connected semisimple algebraic group. 
We consider here the case when H is a parabolic subgroup P of G acting by 
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conjugation on its unipotent radical X = P,. It is known that there is a dense 
open P-orbit in P,, [Ri]. It is called here the Richardson orbit (in defiance of the 
standard usage of this term, cf. [Cal). Therefore, any infinite family of P-orbits 
in P, is contained in the boundary of the Richardson orbit. Due to this phe- 
nomenon, it is a rather delicate problem to detect whether such a family exists 
and to estimate its modality. 
The integer mod P := mod(P : PU) is called the modality of P, [PR]. In [PR] 
we started the investigation of modality of parabolic subgroups of semisimple 
algebraic groups. In particular, all minimal parabolic subgroups of modality 0 
were classified in [PR]. This investigation was continued in [Rii]. In the present 
note following finiteness results are obtained: 
Theorem 1. Let G be a connected simple algebraic group. If G contains a para- 
bolic subgroup P of semisimple rank r and modality m, then rk G < 2mr + 7r + 
4m + 12. 
Corollary. For anyfixed integers r 2 0 and m > 0 there are onlyjinitely many (up 
to isomorphism) connected simple algebraic groups containing a parabolic sub- 
group of semisimple rank r and modality m. 
It follows from this corollary that, informally speaking, the orbit structures 
of the boundaries of the Richardson orbits of parabolic subgroups of a fixed 
semisimple rank r in a connected simple algebraic group G become more rich 
and complicated when rk G grows. One can not drop here the assumption that r 
is fixed: for instance, each classical G contains a proper parabolic subgroup of 
modality 0, see [PR]. 
It is also impossible to drop the condition of simplicity of G in Theorem 1. 
For example, a Bore1 subgroup in the product of s copies of SLz’s has modality 
0 for any s. This phenomenon is explained by the presence of parabolic factors 
of modality 0. 
Namely, let G be semisimple and write G = Gi , G,, where Gi’s are the 
connected simple normal subgroups of G. Let P be a parabolic subgroup of G. 
Then P = PI . . . P,, where Pi is a parabolic subgroup of Gi, the i th factor of P. 
Theorem 2. For any integers r > 0, m > 0 and d 2 0 there are only finitely many 
(up to isomorphism) connected semisimple algebraic groups containing a para- 
bolic subgroup of semisimple rank r, modality m and with at most d factors of 
modality 0. 
Theorems 1 and 2 are proven in Sections 7 and 8. Sections 4-6 contain the 
preparatory material. 
3. Notation and conventions. In the sequel k denotes a ground field, algebrai- 
cally closed and of characteristic zero. 
As usual, k(X) denotes the field of rational functions on X (if X is irre- 
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ducible), k(X) H the subfield of H-invariants in k(X) and H . x the H-orbit of 
a point x E X, cf. [PV]. 
The tangent space of X at a point x is denoted by T,Y(X). If X is a vector 
space, its tangent space at any point is canonically identified (as a vector space) 
with X itself, and, accordingly, the tangent space of any algebraic subvariety of 
X at any point is identified with a linear subspace of X. 
All actions of algebraic groups are assumed to be regular (morphic). 
The Lie algebras of algebraic groups are denoted in the same way as the 
groups with the capital Latin letters changed to the corresponding lower case 
Gothic ones. The unipotent radical of a linear algebraic group R is denoted by R,,. 
We fix the following data in G : 
l T: a maximal torus of G; 
l @, the root system of G with respect to T; 
0 Il = {rkl, , a~}, a system of simple roots in Cp: 
l CD+, the system of positive roots in @ corresponding to 17; 
l R,, the root line in g corresponding to a root cy E @; 
l to, the linear span in t of all coroots corresponding to the elements of a 
subset 0 c @; 
l [p], the subsystem of @ consisting of all roots which are linear combina- 
tions of elements of the subset 9 c fl; 
l PG, the parabolic subgroup of G corresponding to the Lie algebra 
(3.1) P* := 
M$“@. % @ *. 
Notice that 
(3.2) (P*l), := a3 on. 
crt@+\[Pl 
4. We need several general facts about modality. Firstly, notice that, in the 
notation of Section 1, 
(4.1) mod(H : X) 1 dimX - dimH, 
which directly follows from (1.1). 
Lemma 1. Let Xhe an irreducible algebraic variety endowed with an action oj’un 
algebraic group H. Then min, codimx H x = tr deg k(X)H. This minimum is 
attained on the points of a certain dense open subset of X. 
Proof. This is well known, cf. [PV]. q 
Lemma 2. Let X1 and X2 be the algebraic varieties endowed with the actions ofan 
algebraic group Hand ip : X, ----) X2 an equivariant morphism. Then 
(a) mod(H : Xi) > mod(H : X2) if cpissurjective: 
(b) mod(H : Xi) 5 mod(H : X2) ifp is injective. 
Proof. (a) Let Z2 be an irreducible HO-invariant subvariety of X2. Then there is 
an irreducible component 21 of cp _ 1 (Z2) such that the restriction of cp to Zi is a 
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dominant morphism Zi -+ ZZ. The variety Zi is HO-invariant and this mor- 
phism induces an embedding k(Z2)H0-, k(21)~‘. Now the claim follows from 
Lemma 1. 
(b) This follows directly from (1.1). q 
Lemma 3. Let Xi be an algebraic variety endowed with an action of an algebraic 
group H,, i = 1,2. Consider the natural action of H = H1 x H2 on X = Xl x X2. 
Then 
(4.2) mod(H : X) > mod(Hi : Xi) +mod(H2 : X2). 
Proof. If Zi is an HO-invariant irreducible subvariety of Xi, then Z = Zi x Z2 
is an HO-invariant irreducible subvariety of X. If z = zi x z2 E Z, Zi E Zi, then 
H”.z=H;.z, x H;.z2 and therefore codimz H” z = codimz, H,” . z-1 + 
codimz, H; z2. The claim now follows. 0 
Remark. Examples show that the inequality in (4.2) may be strict. 
The following monotonicity result appears in our paper [PR]. 
Theorem 3. Let H be an algebraic group acting on an algebraic variety X. Let R 
be a closed subgroup of H and Ya locally closed R-invariant subset of X, Assume 
that 
(4.3) T,(H y) fl Ty( Y) = T,(R . y) for each point y E Y. 
Then 
mod(H : X) 2 mod(R : Y). 
Proof. See [PR], Theorem 2.13. q 
5. Now let P be a parabolic subgroup of G. We apply the results of the preced- 
ing section to the adjoint action P on p,. 
Proposition 1. Let i be a P-invariant linear subspace of p,. Then 
mod P 2 2 dim i - dim[i, i] - dim P. 
Proof. The subspace i is an ideal of n. Let I be the connected normal subgroup 
of P corresponding to i. The linear subspace [i, i] is P-invariant and the action 
of P on i/[i, i] factors through the action of P/I. Therefore, Lemma 2 and (4.1) 
imply 
(5.1) 
mod(P: p,) > mod(P: i) > mod(P: i/[i,i]) = mod(P/I : i/[i,i]) 
>dimi/[i,i] -dimP/Z=2dimi-dim[i,i]-dimP. 
Since char k = 0, the exponential mapping is a P-equivariant isomorphism be- 
tween P, and p,. Hence, 
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(5.2) mod P = mod(P : p,). 
The claim now follows from (5.2) and (5.1). q 
The following theorem is a strengthening of Corollary 2.6 in [PR] (see 
Remark 2.14 in [PR]): 
Theorem 4. Let S be a connected semisimple subgroup of G normalized by a 
maximal torus of P. Then Q := P n S is a parabolic subgroup of S such that 
mod P > mod Q. 
Proof. Since maximal tori are conjugate, we may assume that T c P and S is 
normalized by T. Then 
(5.3) P = P* 
for a some P (see (3.1)), and 
(5.4) 5 = G@ := @ 9, $ te, 
nE0 
where 0 is a subsystem of @. It follows from (5.3), (3.1) and (5.4) that 
(5.5) q= @ 9, @ te. 
uE(@+U[I])rlB 
For its part, (5.3), (3.2), (5.4), (5.5) show that q is the parabolic subalgebra of G 
with 
(5.6) qu = @ 9, c P,. 
nE(@+\[*l)ne 
We shall show now that condition (4.3) is satisfied for H = P, X = p,, R = Q, 
and Y = q,. Then the claim will follow from Theorem 3 and the equalities (5.2) 
and mod Q = mod(Q : q,). 
Firstly, notice that according to (5.3), (3.1) and (5.5) 
(5.7) P= CD 9, @4$ @ q, 
nE(@+u[*l)\@ 
where ti is the centralizer of q in t. 
Now take a pointy E q,. Since 8 is a subsystem in @, it follows from (5.7) and 
(5.6) that 
(5.8) Ty(H .Y) = [P,Y] = at(m+sP,),c) [LYl@ kI,Yl. 
The second direct summand in the right hand side of (5.8) is contained in qU, 
while the intersection of the first one with qU is equal to 0. Therefore, (5.8) gives 
(5.9) T,(H.y)nq,= [q,vl =T,,(R.y). 
For its part, (5.9) implies (4.3) since q, = T,(q,). q 
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6. The proofs of Theorems 1 and 2 are based on a separate analysis of the case 
when G is a simple group of type A and P a Bore1 subgroup of G. 
Proposition 2. If G is a simple algebraic group of type Al and B a Bore1 subgroup 
of G, then 
modB&. 
Proof. In this case 
(6.1) @+={cq+(~~+i+...+d!,)l li<slZ}, 
see[Bo].Ifa=(Yi+ai+l+...+(Y,,sethta=s-i+landinda=i. 
We may assume that B = Pn (see (3.1)). Let IIe be the set of all simple roots ai 
such that i is even. It follows from (3.2) and (6.1) that 
(6.2) i=,Cp,fl g&b, 
+ e 
is an ideal of b. We have 
(6.3) dimB=v, dimi=? _ [;I. 
Let a E @+. It follows from (6.2) that gu c [i, i] if and only if either ht (2: > 4 or 
ht N = 3 and ind Q is odd. This gives 
(6.4) dim[i,i]= 
It follows from (6.3) (6.4) and Proposition 1 that 
modB>1-1-2[;]+[7] = 








for I odd, 
Example. It follows from Proposition 2 that if mod B = 0, then I 5 4, i.e. if a 
Bore1 subgroup B of a simple group of type Al has only finitely many orbits on 
its unipotent radical, then I 5 4. This estimate is exact: according to [Ka], if 
12 5, the number of B-orbits on b, is infinite. 
7. Proof of Theorem 1. We may assume that (5.3) is satisfied. Then 19) = r. 
Let An be the Dynkin-diagram of 17 and A,,, the subdiagram of An whose 
vertices are the ones of AH corresponding to the elements of II\@. Since G is 
simple, An is connected. Therefore, if n~(An\~) is the set of connected com- 
ponents of An\@, then 
(7.1) I~~(&q~)l 5 r + 2 
(and jno(An\~)j < r + 1 if G is not of type E and D). 
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Consider a connected component fin,* of AL+V. It is the Dynkin-diagram 
of some simple algebraic group. Notice that the length of a maximal sub- 
diagram of type A of the Dynkin-diagram of a simple algebraic group of a rank 
s is,equal to s - 1 if this group is not of type Fq, and s - 2 if it is of type Fq. 
Hence, in any case this length is at least s - 2. Therefore, if d is the length of a 
maximal subdiagram of type A of Ah,,, then 
(7.2) d > IA;,,] - 2. 
Let 17” be the subset of 17 \S corresponding to the vertices of such a maximal 
subdiagram. Set 8 = [noI and consider the connected simple subgroup S of G 
with the algebra 5 as in (5.4). Then S is normalized by T, has type Ad and 






It follows from (7.2) and (7.3) that 
(7.4) \A;,,[ 5 2m + 6. 
For its part, (7.1) and (7.4) give 
(7.5) IA,\, I 5 (r + 4(2m + 6) 
SincerkG=r+]A II ,* 1, the claim now follows from (7.5). 0 
8. Proof of Theorem 2. The claim follows from Theorem 1 and Lemma 3. q 
Remark 1. Using Theorem 1 and Lemma 3 it is easy to write out an explicit 
upper bound of rkG in the situation of Theorem 2. We leave this to the 
reader. 
Remark 2. The upper bound given by Theorem 1 directly depends on the lower 
bound given by Proposition 2: a better bound in Proposition 2 (by means of a 
more sophisticated choice of an ideal i) gives a better bound in Theorem 1 just 
by plugging it in formula (7.3). G. Riihrle informed me that there are the ideals i 
which make it possible to show, using Proposition 1, that asymptotically, when 
I grows, the modality of Bore1 subgroups in AI depends on 1 quadratically. 
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